TYPE II NON COMMUTATIVE GEOMETRY. 
I. DIXMIER TRACE IN VON NEUMANN ALGEBRAS 

MOULAY-TAHAR BENAMEUR AND THIERRY FACK 



Abstract. We define the notion of Connes-von Neumann spectral triple and consider the associated index 
problem. We compute the analytic Chern-Connes character of such a generalized spectral triple and prove 
the corresponding local formula for its Hochschild class. This formula involves the Dixmier trace for IIoo 
von Neumann algebras. In the case of foliations, we identify this Dixmier trace with the corresponding 
measured Wodzicki residue. 
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Introduction 

This paper is devoted to an extension, in the framework of type II von Neumann algebras, of the notion 
of spectral triple introduced by A. Connes [15| in noncommutative geometry. Recall that a spectral triple is 
a triple (^4, H, D) where H is a Hilbert space, A is a *— subalgebra of B{TL) and D = D* is an unbounded 
operator on H. whose resolvent is compact and which interracts with A in a suitable way. A. Connes showed 
that a large part of Riemannian geometry may be recovered from the study of specific spectral triples. More 
precisely, let M be a compact oriented (spin) Riemannian n— manifold and denote by: 

• TL the Hilbert space of L 2 — spinors; 

• A the *— algebra of smooth functions on M; 

• D is the L 2 — extension of the Dirac operator on M. 

l 
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From (A, H, D), we can recover 

(1) The Riemannian metric d on M, by the formula: 

d( aJ ,») = Sup{|/(x)-/(y)| J /e^and ||[A/]|| < i}; 

(2) The smooth structure of A, since we have for any continuous function / on M: 

feA^fef] Dom(<5"), 

n>l 

where S is the unbounded derivation on B(TL) defined by 6(T) := [|D|,T]; 

(3) The fundamental cycle of M, by the formula: 

/ fdf 1 ■■■df n = TrM°[D, f 1 } ■ ■ ■ [D, f](l + D 2 )- n ' 2 ), 

JM 

where Tr w is the Dixmier trace [23 113 • 
In general, spectral triples (.4, 7i, D) give rise to morphisms from the K— theory group K Sf (A) to the integers. 
Spectral triples are called even triples when the Hilbert space is Z 2 — graded with A even and D odd for the 
grading. In this case, the corresponding map on if— theory is defined on K (A) and assigns to any idempotent 
e = e 2 G Mn(A), the Fredholm index Ind([e(F <g> 1 jv)e]+) of the positive part of e(F ® lj\r)e, where F is the 
sign of D. This map K {A) — > Z is given by: 

Ind([e(P ® ljv)e]+) = </> 2 fc(e, ■ ■ • , e). 

where </>2fc (fc large enough), is the cyclic 2k— cocycle on A defined by 

2fc (a ,-.. ,a 2fc ) := (-l) k Tr( 7 a°[F, a 1 ] ■ • ■ [F, a 2fc ]), 

where 7 denotes the grading involution on 7Y. See |17| for more details. 

Denote by Ch(A,H, D) the Chern-Connes character of the spectral triple (A,TC,D), i.e. the image of 
(f>2k (in the even case) in the periodic cyclic cohomology of A. The computation of Ch(A, H, D) in terms of 
local data involving appropriate noncommutative residues is the main step toward the solution of the index 
problem associated with (A,H,D), and was carried out by A. Connes and H. Moscovici in I2()j . 

In this paper, we consider an extended notion of spectral triples where the operator D is affiliated with 
some semi-finite von Neumann algebra M. . The unitary group of the commutant of M. is thus a symmetry 
group for D that we want to take into account in order to discuss the associated index problem. The resolvent 
of D should then be compact with respect to the trace r of Ai, whose dimension range can be [0, +00]. Such 
triples are called Connes-von Neumann spectral triples here. The Murray-von Neumann dimension theory 
22 allows to associate a natural index problem to any Connes-von Neumann spectral triple (A,A4,D), and 
our goal is to extend the Connes-Moscovici local index theorem to this framework. This will give a Non 
Commutative Geometry approach to many well-known index problems involving von Neumann algebras, 
such as measured foliations |13j . Galois coverings [T] or almost periodic operators 12;, 4Qj. Our approach is 
also motivated by some applications to statistical mechanics that we have in mind |29| . The present paper 
is a first of a series where we prove the local index theorem for von-Neumann spectral triples. 

In order to handle the locality in our discussion of the index problem, we were naturally led to introduce 
the notion of Dixmier trace for operators affiliated with a semi-finite von Neumann algebra. In particular, 
we show that the relevent ideal of infinitesimals is 

L hoo (M,T) := {T e M/ [ fX s (T)ds = 0(Log(t)) when t -> +00}, 

Jo 

where fJ> s (T) (s > 0) are the generalized s— numbers of T |25) . The Dixmier trace of a positive element 
T e L^°°(X,t) is then defined by: 
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where lirrit^^ f(t) is an appropriate conformal invariant limiting process. For a foliation (M, F) with an 
invariant transverse measure A, we recover the transverse integration from the Dirac operator along the 
leaves D by using our Dixmier trace: 

r£(f\D\- p ) = C(P) / fdK. 

Jm 

In this formula, which may be viewed as the natural extension of Comics' formula |15|. A„ is the measure 
on M associated with A [13], and C(p) is a constant depending only on the leaf dimension p. 

Let us now describe more precisely the contents of this paper. In the first section, we introduce the 
Dixmier trace for semi-finite von Neumann algebras and we indicate its relationship with residues of zeta 
functions. In Section 2, we define the notion of (p, oo)~ summable von Neumann spectral triple. We show 
that such a von Neumann spectral triple (A, M.,D) gives rise to a noncommutative integral 



M3T^ Jt = Tuj (T\D\ 



which is a hypertrace on the algebra generated by A and [D, A]. We also express this noncommutative 
integral by various regularized spectral formulae such as 



T = -^ttt, r lim 

r(§ + 1) 



l T ( Te -W')» 
A 



which extends the famous Weyl formula. Then, by using the Murray-von Neumann dimension theory, we 
define the index map associated with (A, M,D). This index map is described by an analytical cyclic cocycle 
on A, the Chern-Connes character of (A, A4,D), that we identify by proving a generalized Calderon type 
formula. Section 3 is devoted to a careful analysis of the natural von-Neumann spectral triples associated 
with order one differential operators along the leaves of a measured smooth foliation on a compact manifold. 
For an order — p pseudodifferential operator along the leaves P = (Pl), we then compute the Dixmier trace 
Tuj(P) and show that it coincides with the integrated leafwise Wodzicki residue res^ (Pl )■ We also relate 
the computation of the analytical Chern-Connes character constructed in Section 2, to the solution of the 
measured index theorem for foliations I34| . In Section 4, we prove a local formula for the image of the 
Chern-Connes character in Hochschild cohomology. More precisely, we prove that the pairing of this image 
with Hochschild cycles on A is the same as the pairing of the Hochschild cocycle <fi given by the following 
local formula in the even case: 



< cj), °o ® • • • ® 4 >= h a oi D > <A] ■■■i D > a p] 



In the case of measured foliations, the Hochschild class of the Chern-Connes character of the Dirac operator 
along the leaves coincides with the Ruelle- Sullivan current. When the leaves are four dimensional, our local 
formula also furnishes, as in [TJ], a lower bound for the measured Yang-Mills action YM A (Vs) associated 
with any compatible connection on a hermitian vector bundle E over the foliated manifold: 

| < - c 2 (E), [C A ] > | < YM A (V £ ), 

where C\ is the Ruelle-Sullivan current associated with the transverse A [35) . 

For the convenience of the reader, we have also added an appendix on the von Neumann singular numbers. 

Preliminary notations. In this paper, we shall denote by M. a von Neumann algebra acting on some 
Hilbert space. For more informations about von Neumann algebras, we refer to |22|. All the von Neumann 
algebras considered in this paper will be of type IIoo, i.e. they are semi- finite and properly infinite |22j . 
For such a von Neumann algebra A4, let t be a normal faithful semi- finite trace. We denote for p > 1, by 
L p (A4,t) the completion of the space of all T £ M. such that r(|T| p ) < +oo for the norm 

\\T\\ v :=t{\T\ V Y Iv - 
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See Appendix A for more details. From Section on, A denotes a *— subalgebra of M.. The unitary group 
of the commutant M 1 of A4, is thus a symmetry group for A. 

Acknowledgements. We would like to thank A. Connes for his comments and encouragements. We also 
wish to thank J. Bellissard, A. Carey, J. Heitsch, V. Nistor, J. Phillips, R. Prinzis, G. Skandalis, F. Sukochev, 
J. Varilly and S. Vassout for several helpful discussions. 

1. DlXMIER TRACES ON VON NEUMANN ALGEBRAS 

1.1. Review of the classical case. To show the existence of a non normal trace on the algebra B(H) of 
all bounded operators on an infinite dimensional separable Hilbert space H, J. Dixmier |23| constructed in 
1966 a unitarily invariant state Tr w on the ideal L 1,co (H) of all compact operators T on H whose singular 
numbers /j.q(T) > [ii(T) > ... satisfy 

n-l 

^ fJ,k(T) = 0(Log(n)) when n — > +oo. 

A:=0 

For a positive operator T G L 1 '°°(i7), the trace Tr w (T) was defined as a renormalizcd limit: 

1 N ^ 
Tr - (T) = l m L^g>" (T) ' 

where a = (a„)„>o — > w(a) = lim aJ (a„) denotes a state on Z°°(N) which vanishes on Co(N) and satisfies 
lim w a n = lim^ am- For T G L l '°°(H), it was proved later (cf that Tr w (T) only depends on the spectral 
measure of T on Sp(T) \ {0}. 

Let T be a scalar pseudodifferential operator of order — n on a closed Riemannian n-manifold M . A. 
Connes noticed in J3j that T is in the Dixmier ideal L 1: °°(H), where H = L 2 (M), and he proved that 
Tr w (T) coincides up to a constant with the Wodzicki residue. More precisely, we have for such an operator 
T with principal symbol cr_ ?l (T) and Schwartz kernel k{x,y): 

Tr -( T ) = i <y-n(T){x,Odxd( = [ a(x) = (1/n) x Res z=0 Tr(rA" z ), 

where A is any positive invertible differential operator of order 1 on M, dxdt; is the natural Liouvillc measure 
on the cosphere bundle S*M, and the density a satisfies: 

k(x,y) = a(x)Log(\x - y\) + 0(1) 

near the diagonal. These formulae trivially extend to the case of pseudodifferential operators with coefficients 
in a vector bundle. In particular, taking A with principal symbol <r(A)(a;,^) = |£| for a given Riemannian 
metric on M, we get: 

This led A. Connes to introduce the Dixmier trace Tr w as the correct operator theoretical substitute for 
integration of infinitesimals of order one in Non Commutative Geometry. We shall now extend Connes' 
definition of the Dixmier trace to the case of semi- finite traces on infinite von Neumann algebras. 

1.2. Dixmier ideal in a von Neumann algebra. Let us denote by Ai an infinite semi-finite von Neumann 
algebra acting on a Hilbert space H and equipped with a faithful normal semi-finite trace r. For any r- 
measurable operator T in H, denote by 

Ht(T) = Inf t>0 {||T£||,£ = E* = E 2 e M,t{1 - E) <t} 

the t th generalized s-number of T (See Appendix A.l for more details). 

An element T G A4 is called r-compact if lim^oo /ij(T) = 0. The set of all r-compact elements in A4 
is a norm closed ideal of A4 that we shall denote by K.(M.,t). By 25 [page 304], the ideal K,(M,t) is the 
norm closure of the ideal 1Z(A4,t) of all elements X in Ai whose final support r(X) = Supp(X*) satisfies 
r(r(X)) < oc. 
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Definition 1. An clement T 6 M is called of Dixmier trace class (with respect to r) if: 

[ [i s (T)ds = 0(Log(l + 1)), when t -> +oo. 
Jo 

In the sequel, we shall set &t{T) := J * /i s (T)ds. The set of Dixmier trace class operators is a vector space 
that we shall denote by L 1,00 (7W,t). It is a Banach space for the norm 

IITH^ = Su Pt>0 Lo g ( ^ ir 

and an ideal in Ai which contains r) n M. Note that we have for any T S L 1,oa (Ai, t) and t > 0: 

so that we get for any e > 0: 

L x (A<,T)nA4 c L 1 '°°(M,t) c L 1+{ (X,T)nMc K{M,t). 

We shall set for 1 < p < +oo: 

LP'°°(M,t) := {T e M/a t {T) = O^'p)}. 
For T £ iP'°°(X,T) with l<p< +oo, we have ^t(T) = 0(^ 1 /p) j it follows that \T\ P € L 1 '°°(A4,r). 

1.3. Dixmier trace. The general notion of singular traces on von Neumann algebras has been introduced 
in |27| and used in |28| to investigate the Novikov-Shubin invariants. For our purpose, we shall consider here 
Dixmier traces defined in terms of singular numbers. 
To this end, we shall use limiting processes 

^:L°°([0,+oo[)3/^ W (/)eC. 

More precisely, u is a linear form on L°°([0, +oo[)) satisfying the following conditions: 

(1) lira ess inf t ^ +00 /(t) < uj{J) < lim ess sup t _ +00 /(i); 

(2) oj(f) = where M(f)(t) = ^ f(s)ds/s. 

Note that M(f) is continuous and bounded on [1, +oo[ for any bounded function /. The first condition 
implies that w is a state on L°°([Q, +oo[)) that vanishes on Co([0, +oo[), and the second condition implies 
the following scale-invariance property: 

(3) For any A > and any / 6 L°°([0, +oo[), we have u(f) = oj(f x ), where f x (t) = /(At). 

The existence of a limiting process satisfying the two conditions is obvious. Indeed, let ^ be a state on 
the C*-algebra Cf,(R+) vanishing on C (M+) and set for a — (a n )„> G l°°(N): 

lim(a) = 0(a), 

where a £ Cb([0, +oo[) is the piecewise linear function defined by a(n) = aa+ n [^ an for any n > 0. Then, 

(1) c(/):=lim(0(M"(/)), 

<t> 

is a limiting process satisfying (1) and (2). As in J^l, we shall write cj(/) = limt_> w f(t). Note that we have, 
for such a limiting process: 

(4) | lira f(t) - a lim f(Xt a )\ < (1 - a)|[/[[oo, 
for any a G]0, 1[, any A > and any / £ L°°([0, +00)). This follows from the estimate: 

! ^ f( s )ds/s--^ T -r t f(Xs a )d S /s\ < ((/^(l - a + 2)J L °^ Ai 



Log(i) J 1 w ' Log(i) A v ; ' 1 " " J l|OOV ' Log(t) 
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Definition 2. For any limiting process u as above, the Dixmier trace t w (T) of a positive operator T G 
L 1 '°°{M,t) is defined by: 

r " (T):= T^i^m 

Let us point out that this definition depends on the choice of lu. However, if I — lim t ^ +00 [ Lo g( t ) J* Jogfs) lal 
exists, then t u {T) = I. 

From now on we fix a limiting process = limt— >o) f(t)- As in the classical case (cf |19p one may prove 
that we have for any positive operators T, S G L 1 ' QC {M 1 r): 

r u (T + S)=T (1 ,(T)+7- w (S). 

This enables to extend r w to a positive linear form on the Dixmier ideal L 1,C5 °(.M, r). A classical argument 
(cf [H]) shows that r w (5T) = t^TS) for any T G L 1,oc (M, r) and any S* G M.. 

Note that r w (T) = when T G M. fl i 1 (A / J, r). In the same way, it is easy to check for instance by using 
the inequality 

/ fi s (TS)ds < / n s (T)n s (S)ds, 
Jo Jo 

(See [2SI), that r^TS) = for any T, S G L^°°(7U, r). 

Theorem 1. Let A G L 1,C5 °(.M, r) 6e a positive element and set E t := lit +«>) C^) / or an 2/ i > 0. TTien for 
any T <E A4, the functions 

are bounded and we have: 

Proof. Since fi s {A) — > when s — > +oo, we have: 

\t(TE ma) A)\ <\\T\\ f Hs(A)ds <\\T\\ f n s (A)ds. 

J{s>0/ f ^ s (A)>f H (A)} Jo 

It follows that t i— > Log ^ +1 ^ r(T£ ; Alt ( j 4)A) is bounded. To prove that Log(t+i) T ( r ^^i/t^) is bounded, we may 
assume w.l.o.g. that A ^ 0. For any i > -p^, let s(t) be the unique s > such that: 

Ms (-4) < 1A and jLt s _ e (^) > Ve > 0. 
Since A G L 1 ^ 00 (A^,r), there exists a constant C > such that fj, s (A) < c L °g^+ 1 ) f or any s > 0. Set 
it(t) = s(t) + 1. From the inequality 

1A < M.(t)- 6 (A) < c s(i) _ £ + 1 , 

we deduce by letting e — > 0: 

u(t) < CtLog(u(t)) for t > l/\\A\\. 
We claim that this implies the existence of a constant K > such that: 
(2) < KtLog{t + 1) for t > 1/\\A\\. 

Since Equation is obvious when u is bounded, we may assume again w.l.o.g. that it is not the case, and 
hence limt^ +DO u(t) = +oo since u is non-decreasing. Assume that © is false. Then there exists for any 
integer n > a real number t„ > 1/||A|| such that: 

n 1 

u(t„) > rct„ Log(<„ + 1) > L °S(-p^ + 
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It follows that u(t n ) — > +00 when n — > +00 and hence i n — » +00. Write tt(i„) = e n i„ Log(i„ + 1) where 
e„ > n. We have: 

^ > u(t n ) e n Log(t» + 1) ^ 

~ t„Log(u(i„)) Log(t„) + Log(Log(i„ + 1)) + Log(e„) 

a contradiction. So, equation is true and we have for t > 1/\\A\\: 

\r(TE 1/t A)\ < \\T\\r{E 1/t A) 
, s (t) 

= \\T\\ / ^ s (A)ds 



< \\T\\ / fi s (A)ds 
Jo 

= 0(Log(tLog(t + l)), 

a fact which implies that 1 1— > Log ^ f+1 ^ T {TEi/ t A) is bounded. 
Let us set, for any T <E M: 

(f(T) := r„(TA),^(T) := lim ^d 0(T) := Um T } TE ^ A \ , 

^ ; v ; t-w Log(l+t) v ; t-u,Log(l+i) 

We thus define positive linear forms on M and we claim that 

(3) 6 < %j) < ip. 

For simplicity, set P t — E^a) and Q t = E 1 / t for t > 0. Since we have Ht{A) < C 1 * 3 ^}*^ , there exists for 
any a g]0, 1[ a constant C a > such that //t(A) < t a ~ 1 /C a for any t > 0. Hence: 

Qct*—^ < P t A. 

For any T £ M with T > 0, we deduce that: 

r(Tg Cail -^) < r(TP t A), 
and hence, since Log^c* 6 ^i-^+i) — * rr^ when t — > +00: 

(1 - a) lim /(C^ 1 -) < lim t( ^ } = tf(T), 
f-nK t->w Log(i + 1) 

where f(t) = ^1^+1) • -But we have: 

I lim /(t) - (1 - a) lim /(C^ 1 -")) < a||/|U 

t—>LU t — >LJ 

so that we get by letting a — > 0: 

0(T) = lim /(t) < V(T). 

i — 

On the other hand, since we have r(P t ) < t (cf 26] [Prop. 2.2, p. 274]), we get: 



p+oo pt 

T (TP t A) =r(A 1/2 TA 1/2 P t ) = pt s (A 1/2 TA 1/2 P t )ds = fi s (A 1/2 TA 1/2 P t 

Jo Jo 

The last equality is deduced from the fact that |26| [Lemma 2.6, p. 277]: 

^(A^TA^Pt) = 0, Vs > r(P t ), 

We thus have: 

r{TP t A) < \\P t \\ [ ^(A^TA^ds, 
Jo 

and hence: 

ip(T) < tUA^TA 1 / 2 ) = r u {TA) = <p(T). 



)ds. 
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This proves To show that 6 — ip — tp and achieve the proof of the theorem, it suffices to prove that 
<f(I) < 0(1). But we have by H>][p. 289]: 

*t(A) = InfillTiHa + t\\T 2 \\/A = Ti + T 2 }. 

so that we get by taking T\ = Q t A and T 2 = A — Ty. 

a t (A) < r(Q t A) + *||l[o,i /t ](A)|| < r(Q t A) + 1. 

It follows that: 

rtT) = Km at } A) , < lim <f A \ = 9(1). 
^ v ; t-w Log(i + 1) - Log(i + 1) w 

□ 

Remark 1. In the above proof, the property = u>(M(f)) was used to prove that 9 < ip. It is 

worthpointing out that in most of the examples we have in mind, the operator A will actually satisfy the 
following better estimate: 

fi t (A) = 0(l/t). 

In this case, the above theorem remains true for limiting processes uj(f) — lim w f(t) only satisfying the 
weaker scale invariance property uj(f\) = ^(/)- Indeed, if t > and if A satisfies the relation fit{A) = C/t, 
we have 

Qt/cA < P t A, 

and hence 

r(TQ t/c A) < r(TP t A). 
So if we only assume that lim t ^ w f(t) — lim t ^ w f(t/C), we get 

8 {T ) = lim T J^L = lim T F Q ;/°*> < lim r(TP t A) = ip(T). 
v ' t^u Log(<) t^u> Log(i/C) ~ v ; v y 

1.4. Dixmier trace and residue of zeta functions. Let us first define the zeta function of a positive 
self-adjoint r-discrete operator T in an infinite semi-finite von Neumann algebra A acting on H and equipped 
with a normal faithful positive trace r. 

Definition 3. A positive self-adjoint r-measurable operator T on H is called r-discrete if (T — A) -1 6 
JC(M, r) for any A < 0. 

It may be proved (cf [37] [page 48]) that T — / + °° XdE\ is r-discrete if and only if one of the two following 
properties holds: 

(i) VA G R, t{E x ) < +oo; 

(ii) 3A < such that (T - Ao)" 1 G K(M, r). 

For such a positive r-discrete operator T, the function 

N T {\) :=t(E x ) 

is well defined on R. Moreover, it is nondecreasing, positive and right continuous. 

Definition 4. Let T = J e + °° XdE\ be a positive self-adjoint r-discrete operator with spectrum in [e, +oo), 
where e > 0. The zeta function C,t of T is defined by: 



Ct(z) := J X z dN T (X), 
for any complex argument z such that the above integral converges. 
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Since we have for any R > 1: 

r R /-Log(ii) 



AW T (A) = / e zt da{t), 
Jo 

where a(t) — iVy(e*), we know from the classical Laplace-Stieltjes transform theory (see 03]) that the 
integral 

X z dN T (X) 



converges for Re{z) < —dx and diverges for Re(z) > —dr, where: 

dr •— lim t ^ +00 — lim^_, +00 — — — . 

t Log(A) 

Moreover, £r is analytic in the half-plane {Re(z) < — g?t} and z = —dr is a singularity of Ct if dx < +oo. 
We also have: 

d T = M{/z £R,f £ L 1 (M,r) for fle(z) < -/j,}. 
Indeed, it follows from the normality of the trace that: 

rR 

Su PiJ>0 / \ x dN T {\) = Sup R>0 t{E r (T)T x ) = r(T x ), for any 
Jo 

In particular: 

d T < +oo 3x < such that T x e L^X, r). 
Sometimes, is called the quantum r-dimension of the operator T. 

Theorem 2. Let T be a positive r-discrete operator with spectrum in [e, +oo], e > 0. If0<dx< +oo. the 
following conditions are equivalent: 

(i) (x + dx)(,T(x) —* A when x — > — dx, x G (— oo, —dr[; 

(ii) T- dT e L^°°(7U,r) and 

(4) r u {T- dT )= Urn i I n B {T-^)d8 = ~. 

t^+oo Log(l + i) Jo c?t 

Proof. This theorem easily follows from the equivalence, for any positive and non increasing function / on 
[0, +oo[ such that / °° f(t) s dt < +oo for any s > 1, of the two following assertions: 

(a) (s - 1) J + °° f(t) s dt -> L when s -> 1+; 

( b ) LSiW Jo" /0) ds L whcn u +°°- 

The proof of this equivalence uses classical abelian and tauberian theorems. For completeness, we give a 
proof based on Proposition ^ (see also |37|). 

(i) => (ii): Assume that Re(z) < —dr, and make the change of variable A = e u l dT in the integral defining 
(t(z). We get C T (z) = fi(-z/d T ) + fo(z) where 

h{z) = J e- zu d^(u), with 4>{u) = N T (e u / dT )l( dT ,+oo)(u) and f 2 (z) = J \ z dN T (\). 

The function fi is entire, while f\ only converges for Re(z) > 1 and satisfies 

lim (x - l)fi(x) = -A/ (fa. 

Setting g(z) = fi(z + 1) we then obtain 

g(z) = / e- zt d(3(t) where 0{t) = / e~ u d(f>{u) for any t > 0. 
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Then g(z) is a convergent integral for Re(z) > such that lim x _ > Q+ xg(x) — —A/dr- By the Hardy- 
Littlewood tauberian theorem, we get: 

„t/<*T 



and hence: 

A 



A = Mm M = Um - / \- dT dN T (X), 

d T <->+oo t t->+oo t J e 

-= lim -A— ( \dN T (\- 1 ' dT )= lim —^—T(l (1/toc) (T^ dT )T- dT ). 

T t-H-oo Log(t) y (1/t)+oo) V ' t-+ocLog(t) WVt.oo)V V ; 

The result follows from Proposition ^ 

(i) <*= (ii): Let us first assume that A > 0. Fix e > with e < ^ and choose M > such that: 

l T 7^—^ f\ s (T- d -)ds + A/d T \<e, Vt>M. 
Log(l + <) y 

We have for any t > M, 

, A , f* ds /"* w \ , i A ds 

5 / "H - - / Vs{T )ds < (— - — he) / — - . 

«T Jo 1 + s Jo «T Jo 1 + s 

If these inequalities were true for any £ > we would have: 

W > 0, / /(s)ds < / /i(s)ds < f g(s)ds, 
Jo Jo Jo 

where 

/(*) == - e ^TTt ,9{t) := ( rf^ + e) TT7 and := ^* {T~ dr ) 

are non increasing positive functions. Using Polya's inequality we would get: 

Vt>0,Va>l, / (/(s)) a ds< / (/i(s)) Q ds< f (g{s)) a ds, 
Jo Jo Jo 

and hence by letting t — > oo: 

<- A ^ - £ ) a < / + °° M , ( T— )dB < tA!±±Dl for any a > i. 



a — 1 J a — 1 

Setting a = —x/dr with a; < — g?t and multiplying the above inequalities by —x — dx > 0, we get the result 
when x — * —dr- 

Now since the inequaliy 10 is only true for t > M, we take ft,g\ and /ii equal to /, g and /i for t > M, 
and for t < M; 



h(t) ■■= TT / f{v)dv, 9l {t) := — / fl (t;)<fo and hi(t) := — / ft(«)dw. 
o j o 

Since /i,<?i and /ii are nonincreasing positive functions such that: 

Vt>0,/ fi{s)ds< [ h 1 (s)ds < [ gi(s)ds, 



we now use Polya's inequality to get the conclusion. Indeed, the additional constants that arise with these 
modifications do not change the final computation of the residue of £t at — dr- 

If A = the same proof still works, replacing / by the zero function. □ 

To end this paragraph, we point out the strong relation between the Dixmier trace and the asymptotics 
of the spectrum. For instance we have: 

Proposition 1. |37| Let T be as in Theorem Assume that there exists 5 > such that £*r admits a 
meromorphic extension to {Re(z) < —dx + 5} with a simple pole at z = —dx- Then we have: 

lim jMA) = _^(Cr) =ru(rn 
A^+oo A T d T 
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This proposition is a simple consequence of the Ikehara tauberian theorem. 



2. The von-Neumann index problem 



The data proposed by A. Connes to define a "geometry" is a triple (A, H, D), where A is a *-algebra repre- 
sented in a Hilbert space Ti. and D is an unbounded densely defined self-adjoint operator with a summability 
condition. To work with such a spectral triple, A. Connes introduces some constraints on the interaction 
between D and A. This formalism has been very fruitful especially in exploring index theory for singu- 
lar spaces. We extend in this section some known results in non commutative geometry to the setting of 
von-Neumann algebras, whixh will allow us to reach the index theory of measured families of geometries. 

2.1. Von Neumann spectral triples. In view of polynomial formulae, we shall restrict ourselves to finite 
dimensional spectral triples. The general case can be treated similarly extending the notion of ^-summability 



Definition 5. By a p— summable von Neumann spectral triple we shall mean a triple (A,A4,D) where 
Ai C B(H) is a von Neumann algebra faithfully represented in a Hilbert space H and endowed with a 
(positive) normal semi- finite faithful trace r, A is a *-subalgebra of the von Neumann algebra Ai, and D is 
a r-measurable self-adjoint operator such that: 

(1) Va G A, the operator a(D + i)^ 1 belongs to the Dixmier ideal L p '°°(A4.,t); 

(ii) Every element a £ A preserves the domain of D and the commutator [D, a] belongs to Ai; 

(iii) For any a £ A, the operators a and [D,a] belong to n n< £fiDom(d n ), where 5 is the unbounded 
derivation of Ai given by 5(b) = [\D\,b]. 

When Ai is Z2-graded with A even and D odd, we say that the von Neumann-spectral triple is even and 
denote by 7 £ Ai the grading involution. Otherwise, the triple is called an odd triple. 

Examples. (1) Let M be a compact Riemannian manifold of dimension n. Let D be a generalized Dirac 
operator. Then we set A = C°°(M), Ai = B(H), D) where H is the L 2 -space of corresponding generalized 
spinors. With the operator D we get an n-summable von Neumann spectral triple. It is even when n is even. 
As proved by A. Connes, one completely recovers the Gauss-Riemann calculus on M from the study of the 
spectral triple (A,M,D) [T5] . 

(2) Let (M, F) be a compact foliated manifold with a holonomy invariant transverse measure A and let 
p > 1 be the dimension of the leaves of (V,F). Let D be a generalized Dirac operator along the leaves 
of (M,F) acting on sections of a hermitian vector bundle E. Denote by W^(M, F;E) the von Neumann 
algebra associated with A and E (see Section 01 ■ The holonomy invariant transverse measure A gives rise to 
a semi-finite normal trace ta on W^(M, F; E) by the formula: 



The triple (A = C°°(M), W^(M, F; E), D) is then a p— summable von Neumann spectral triple which is not 
a type I spectral triple (See Section [3] for more details). Again the triple is even when p is even. 

(3) Let r M — * M be a Galois cover of a compact n— dimensional manifold M. Let D be the T 
cover of a generalized Dirac operator on M. Consider the von Neumann algebra M of bounded L-invariant 
operators defined by Atiyah in [Q, with its natural trace Trp. Then (.4 = C°°(M), Ai, D) is an n-summable 
von Neumann spectral triple (See jjj for more details), which is even when n is even. 

(4) Let D = a i{ x )D l x + b(x) be a first order uniformly elliptic differential operator with almost periodic 
coefficients on R™. The index of such an operator can be defined by considering a spectral triple (A, Ai, D) 
that we shall briefly describe, see [21]. The operator D is a direct integral over the Bohr compactification 

of operators D x defined by: 

d x = a *( x + y) D l + b ( x + y)- 

So D acts on L 2 (Rg x R"). The algebra A is the algebra CAP°°(R™) of smooth almost periodic functions 
on R™, and Ai is the von Neumann crossed product algebra L°°(R™) x R3j screte which is a II^ factor as 



6, 




M/F 
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proved in 

Let (A, AA, D) be a p— summable von-Neumann spectral triple. When D is invertible, we define the non 
commutative integral of T E M. by the formula: 

T := t uj (T\D\~ p ). 

When D is not invertible, we replace for instance \D\ by (D 2 + l) 1 / 2 . Note that \D\ — (D 2 + l) 1 / 2 is bounded. 
For simplicity, we shall usually assume that D is invertible, see also the next section. We point out the 
following useful proposition. 

Proposition 2. The map T i— > JT is a hypertrace on the algebra A generated by A and [D, A] — {[D, a], a £ 
A}, i.e. 

[AT = LT A, VT EM andAE A. 



Proof. The algebra A lies in f] n>0 Dom(S n ), where 5 is as before the unbounded derivation T i— > [|Z3|,T]. 
We have for any A E A: 

[AT- ItA = T ul ([A > T]\D\- p ) 

= -t u (T[\D\-p,A]). 

Assume first that p is an integer. Then [\D\-p,A] = J2l=o \D\- k [\D\~ 1 , A]\D\~P +k+1 and = 
-\D\- 1 [\D\,A]\D\' 1 . Therefore we get: 

p-i 

-T[\D\-p : A] =J2T\D\- k - 1 [\D\,A]\D\- p+k . 

k=0 

On the other hand, for any k G {(),••• ,p — 1}, the operator r|D| _fc_1 [|iI'|,^4]|Z3| _p+ ' t ' is trace-class since T 
and are bounded operators, and |Z?| _:P_1 is trace class. Therefore 

T u (T[\D\- p ,A]) = 0. 

The proof is thus complete when p is an integer. Now if p $ N, we choose an integer k and a real number 
r g]0, 1[ such that p = rk. Then an easy computation shows that we have: 

k 

[\D\- p ,A] = -J2 \D\- rm [\D\ r ,A]\D\' r ^ m+1 l 

m=l 

Therefore, it suffices to show that r w (||L>|- Q ,S'|D|-' 3 |) = 0, where a = rm, (3 = r(k-m+l) and S = [\D\ r , A}. 
But the operator S is bounded. Indeed, one can for instance use the integral expression of \D\ r given by: 

r+oc 

\D\ r = C / iDfttl+lDl)- 1 ?- 1 ^, 
Jo 

to deduce that for t < 1, the operator \D\(tI + is bounded with norm < 1, while for t > 1, one can 

use the relation 

[|^|(t/+|^|)- 1 , J 4] = [|CU](t/ + |^|)- 1 -|^|(t/ + |C|)- 1 [|^U](t/ + |^|)- 1 , 

to conclude that S is bounded as allowed. 

Now the end of the proof goes as follows. By |26j [Theorem 4.2, p. 286], we have: 

Li s (\D\- a S\D\-P)d S < \\S\\ [ n a QD\-t a +fi)da, 



and hence: 

T u (\\D\- a S\D\-P\) < \\S\\tU\D\-^) = 0. 
The last equality is a consequence of the summability of the operator \D\~^ p+r \ □ 
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We point out that for a given p— summable von-Neumann spectral triple (A, A4,D) with p > 1 and D 
invertible, we have by Theorem ^ 

^Log(TTT) T(TV(|D| - 1) ' +oo[(|i ' rl)|i ' rP) 



T = lim 



for any T e M. 

2.2. Regular izat ion formulae. Let us give regularization formulae for the non commutative integral JT. 
To this end, we need the following lemma. 

Lemma 1. Let (A, M., D) be a (p, oo) — summable von Neumann spectral triple with p > 1 and D invertible. 
Let f : [0, +oo) — > C be a C 1 function such that \imt^+oof(t) = and L 00 Log(t)\f'(t)\dt < +oo. Then, 
we have for any T € M: 

_l D\ 

x^u> Los 



/(0) jf- 



T= lim T (Tf(\±)\D\- p ). 

(A + l) v Jy \i/p' 1 1 ; 



Proof. Let us first prove that the function 

_:i .... \D 

Log- 
is well defined and bounded. Since we have for any x > 0, 



A ^-l(ATl) r(T/( AW^ rP) ' 



\f(x)\ < / l m (x)\f'(t)\dt, 
Jo 

we deduce that: 

(6) i/(|^)i^r p )i < £°° i ]Tiw , +ool (\D\-n\Dr\f(t)\dt. 

There exists a constant C > such that /i s (|.D|~ p ) < C/(s + 1), therefore we have for any t > 0: 



r(L i , +oo[ (l^l 



-p 



\Dm = f MlDDds 



{ S >0, AIs (| J D|-P)> T i F } 
CAt p £, 

/ 

s + 1 



= CLog(CAi p + 1). 

We thus deduce from © that 



I 7~"1 1 F ~\~(X) 

r(|/(^)|^r p )|) < C / Log(CAt* + l)|/'(i)|dt, 



and hence: 



_i_ T(T/( i2L )|Dr) < una/ " i^±i>, /Wt| < cut, 

Thus, Sr(f) ■— limA^ w Lo g (A+i) r (^/( jw )I-P|~ P ) makes sense for any / G C£°(R), and defines a linear form 
St on C^°(M). To prove the corollary, we may assume w.l.o.g. that T > 0. In this case, St is a positive 
Radon measure with support in [0, +oo[. Moreover, since lim^^^ h(a\) = lim^— > w h(X), for any a > 0, we 
have by Theorem ^ 

1 



(7) / dS T = lim - T(Tl ]x - 1/P , +00 (\D\- 1 )\D\- p ) = r u {T\D\^), 

J[0,1[ A->wLog(A + l) 

and the scale invariance of St implies that Supper) = {0}. By (J7J again, we get: 

S T = T u (T\D\-?)5o, 
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and the proof is complete. 



□ 



From the above theorem, we deduce the following regularized spectral formula for the noncommutative 
integral JT: 

Theorem 3. Let (A, A4, D) be a (p, oo)— summable von Neumann spectral triple withp > 1 and D invertible. 
Let f : [0, +oo) — ► M be a continuous polynomially decreasing function. Then, for any T 6 M., the function 
A i — > jT(Tf(\~ 1 / p \D\)) is well defined and bounded for A large enough, and we have: 

c p (/)/r=iim T(r/ [^ ) , 

J X^uj A 

where C p (f) = p f+°° f(t)P>- x dt. 

This formula was proved by A. Connes ^B] for M = B(H). 
Proof. Let g, h be the functions defined on [0, +oo[ by: 



g{t) = t p f(t) and h(t) 



+ °° t \ ds 

g(s)— 



-\-oc 



fisy-^s. 



These functions are then continuous on [0, +oo[ and vanish at infinity. Moreover, h'(t) — —f{t)t p 1 so that 
h is a C 1 function satisfying \h'(t) \ Log(t)dt < +oo. 

r(T/(4£L) 

Let us first prove that the function A i— > A A is well defined and bounded for A > 0. We set for any 

t > 0, ip(t) — f(l/t). We thus define a non decreasing continuous function such that (p(0) = 0, and hence: 

r(f(U)) t(v(\V*>\D\-1)) 1 /•+= 



(8) 



A 



A 



A Jo 



^(A^^dDI" 1 ))^ 



But there exists a constant C > such that n s (\D\ 1 ) < , s+ ^y/ p , and since ip is non decreasing, we get 



r(f(^)) 1 /- +c 
A " A 



<p[C 



8 + 1 



l/p\ 



ds = p 



where the last equality follows from the change of variable | = C(-^j) 1 ^ p . We deduce that A i - 
bounded, and the inequality 

shows that the function A ^ — is well defined and bounded. On the other hand we have for 

x > 0: 



any 



P 



Log(A) 
and hence 



hix/X^Pyx-P - h(x)x~ p 



1 



Log(AVP) J 1 



x '" _ ds 

g(x/s)x p — 



1 



Log(A) 



1 



! i^ltVpJ t 



dt 



Log(A) 



Th 



AVp 



\D\- p - Th(\D\)\D\- p 



Log(A) J x t n ti/ p, f 



By using the equality |S1 it is easy to check that the right hand side is a Bochner integral of continuous 
functions with values in L 1 (A4, r). On the other hand, r is a continuous form on L 1 (M, r) and so: 



Log(A) 



\D\ 



T{Th[j^)\D\- p )-r{Th{\D\)\D\- p ) 
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with 6{t) = }T(Tf(^L)\D\-P)). Since 9 is bounded, we get: 

r(Th( \ D ) )\D\~ V ) 

p li m J: ^ 1/p 1 — L = lim M(9)(X) = lim 0(A). 

x^lu Log(A) x^uj x^uj 

Now by Lemma the left hand side is equal to 

P h(0)rUT\D\-P) = p /(i)*"" 1 ^ r u (T\D\-P). 

We thus get: 

C p (f)r u (T\D\-*) = Um I r (T/(M)), 

and the proof is complete. □ 

Question. Is the above theorem true for a limiting process u(f) = limt-tw f(t) satisfying only the scale 
invariance property? 

We can now deduce the Weil formula: 

Corollary 1. Let (A, M, D) be a p—summable von Neumann spectral triple with p > 1 and D invertible. 
For any T G M, we have: 

t hm^ (tv T {Te- t2D2 )) = r(| + 1) It. 

Proof. Take fix) — e~ x in the previous theorem. □ 

2.3. Index theory in von Neumann algebras. As before, let M be a von Neumann algebra in a Hubert 
space H, equipped with a semi-finite normal faithful trace r. 

Lemma 2. For any r-compact projection e G M., we have r(e) < +oo. 

Proof. Since e = e* = e 2 , we have ^it(e) G {0, 1}. But /it(e) — » as t — > +oo by hypothesis, so that there 
exists to such that 

jti t (e) = 0, for t > t , 

and hence r(e) = / ' fXt{e)dt < +oo. □ 

Definition 6. An operator T G is called r-Fredholm if there exists SgM such that 1 — ST and 1 — TS 
are r-compact. 

Proposition 3. IfTdMis r-Fredholm, then the kernel and cokernel projections pr and px* are r -finite. 

Proof. Let S be as in Definitional The projections px = (1 — ST)pt and pt* =(1— TS)*pt* are r-compact, 
and Lemma |21 gives the result. □ 

Definition 7. The index Ind T (T) of a r-Fredholm operator T is defined by: 

(9) Ind T (T):=r(p T )-T(pT«) 5 

where pt and pt- are the projections on the kernel of T and T* respectively. 

Proposition 4. IfT and S are r-Fredholm operators, then ST is a r-Fredholm operator and 

Ind T (ST) = Ind r (T) + Ind T (S); 

Proof. If T" and S' are parametrices for T and S respectively, then T'S' is a parametrix for ST. So the 
composite of two r-Fredholm operators is a r-Fredholm operator. In addition: 

Ind r (ST) = t(pst) ~ T(p T , s *) = r(p T ) + T(pr Kc]:{ST)eKcr:(T) ) - r(p s *) - r(pr Ker(T . s«) e Ker(s«)) 

= r{p T ) + ^7^(T)nKcr(s)) - r(p s .) - ^7^y nKcl . (T , } ) = Indr(T) + Ind r (S). 

□ 
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Let us mention a technical lemma which will be used in the sequel. 

Lemma 3. Let M. be a semi-finite von Neumann algebra acting on a Hilbert space H , and let t be a (positive) 
normal faithful semi-finite trace on M. Let e, / be two (orthogonal) projections in A4 and A,B £ L l (A4, r). 
Assume that A G eMe, B G f M-f and that there exists V £ fMe such that: 

(i) VA = BV; 

(ii) V : e(H) — > f(H) is injective with dense range. 
Then t(A) = t(B). 

Proof. For any e > 0, let p e be the spectral projection of \V\ corresponding to the interval (e, +oo). Since 
we have ||Vp c x|| < ||Vx||, for any x £ H, the map Vx i— * Vp e x extends to a contraction q e G B(f(H)). Set 
q t x — for x £ (1 — f)(H). We thus define an operator q e £ fAif which satisfies by construction: 

qeV = V Pe . 

From this relation, we deduce that q 2 V = q e V and hence q 2 = q € on f(H). It follows that q 2 — q e and, since 
q e is a contraction, it is an orthogonal projection in M. such that q t < f. Moreover, we have: 

q e Bq e V = q e BVp e = q e VAp e = Vp e Ap e . 

From the inequality: 

||Vx|| 2 =< \V\ 2 Pe x, Pt x > > e 2 \\ Pt x\\ 2 = e 2 \\xf, 

for any x S p e (H), we get the existence of an inverse W : q e (H) — > p t {H) for V : Pt{H) — > q e (H), such that 
VF £ PtMq e - 

We have Wq t Bq t V = p e Ap e and hence, since £? G i 1 (A^,r): 

(10) r(g e Bg e ) = T(VF ge £ g£ y) = r(p e Ap e ). 

Since V is injective, p e — > e strongly when e — > 0, and it follows from the relation q e V = Vp e that <?£—>/ 
strongly when e — * 0. By the Lebesgue dominated convergence theorem in L 1 (A^,t), we deduce from 
Equation l(TU|) that: 

r(ev4e) = r(/B/), 

and finally r(A) = t(B). The proof is complete. □ 

The following proposition generalizes the Calderon formula and computes Ind r (T) by using the powers of 
1 — ST and 1 — TS. This formula will be used to get a polynomial expression for the Chern-Connes character 
(see EH- 

Proposition 5. Let M. be a semi-finite von Neumann algebra with a (positive) normal faithful semi-finite 
trace r and T G A4. Assume that there exists p > 1 and an operator S G M such that: 

1 - ST G L P (M, t) andl-TS G L p {M,t). 

Then T is r-Fredholm and we have for any integer n > p: 

(11) Ind r (T) = r [(1 - ST)"] - r [(1 - TS) n ] . 

Proof. The operator T is r-Fredholm because L p (Ai, r)fljVI C IC(Ai, r). To prove the proposition, we may 
assume that n = 1. Indeed, let S G M be such that: 

A = 1 - ST and B = 1 - TS 

are in L P (J\4, r) (~l (and hence in L n (A4, r) for any n > p) and set: 

S" = 5(1 + B + B 2 + ... + B'' 1 - 1 ). 

We have: 

1 — TS' = B n and 1-S'T = A n , 

where the first relation is immediate and the second one uses the equality T A = BT. Replacing S by S', A 
by A n G L 1 (A4, r) and B by B n G L 1 (A4, r), we are thus reduced to the case where n = 1. 
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When A = 1 — ST and B = 1 — TS are in L 1 (tV(, t), we get from the relations Apr = and pr-B = px- 
the equality: 

lnd T {T) = T{A PT )-T{ PT *B). 
To prove that Ind r (T) = t(A) — t(B), it thus suffices to show that: 

r(eAe) = T(fBf), 

where e = 1 — px and / = 1 — To this end, set 7 := fTe. We clearly have: 

TeA = TA = BT = BfT, 

and hence: 

V(eAe) = (fBf)V. 

If the intertwining operator V from e(H) to f(H) were invertible (the inverse would then be automatically 
in eMf by the bicommutant von Neumann theorem), we would get by cyclicity of the trace: 

(12) r(eAe) = r(fBf), 

and Calderon's formula would be proved. 

Although V is not necessarily invertible here, it is injective with dense range from e(H) to f(H). It turns 
out that this is enough to prove (|12() . by Lemma and therefore Proposition [5] is proved. □ 

2.4. The index map associated with a spectral triple. In this subsection, we describe the index map 
Ind_D jT associated with a p-dimensional von Neumann spectral triple (.A, M., D). As usually, we shall replace 
D by sgn(D), the sign of D. Let 

D = F 1 \D\ 

be the polar decomposition of the self-adjoint operator D. To get rid of the possible non injectivity of F\ 
and following J!Q3, we replace the Hilbert space H — Ker(D)- 1 © Ker(D) by 

(13) H = H © Ker(£>) ~ Hi © H 2 © H a , 

where Hi = Ker(D)" 1 , H2 = Ker(D) and H3 is an extra copy of Ker(D). Denote by ei, e-i and the 
projections onto Hi, Hi and H 3 respectively. According to the splitting 1 (15)1 of H, set: 

/ Fx \ / \ 

F = [ I \ = Fi+V where 7=0 1 
\ 1 / \0 1 0/ 

We thus define F, V in the semi-finite von Neumann algebra 

M = M®p D Mp D C B(H), 

which is equipped with the trace f = r ffi r. Finally, embed ,4 in A4 by a — > a © 0. We have: 

Lemma 4. 

(1) F = F* and F 2 = 1; 

fjg) Va G A, [F, a] G LP'°°(M,t); 

(3) Va G A, aFa = af\a; 

^) Va G A,a(F-Fi) G LP'°°(A ; (,f). 

Proof. 

(1) Trivial. 

(2) Note first that apj) (and hence p_oa) belongs to L p '°°{M,t), for any a e A. Indeed, we have: 

ap D = a(D + i) _1 (I> + i)P£» = »o(^ + G L^°°{M, t). 

On the other hand we have [Fi, a] G L p,0 °(jVl, r) for any a£ A Indeed we get by easy computations: 

[Fx, a] = [Fi,a]{Fi + p D )(Fi + Pd) 

= [Fi,a]Fi(Fi +p D ) + [Fi,a]p D (Fi + p D ) 
= [Fi,a]Fi(Fi+p D )+Fiap D (Fi+ PD ), 
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where F\apD{F\ + pd) € L p '°°( j M,t) by the previous observation. Moreover, we have: 

[F 1 ,a]F 1 = \D,a]{D + i)- 1 + i[F u a]Fx{D + i)- 1 - Fx[\D\,a](D + 
and hence [F 1 ,a]F 1 e L p '°°(A4,t). It follows that [F 1 ,a]F 1 (F 1 + p D ) e Lp>°°(.M,t) and finally that: 

[Fi, a] 6 L P '°°(M, t) for any «eA 

as allowed. But we have: 

[F, a] = [Fx, a] + [V, a], with [V, a] = Vp D a{\ - e 3 ) - (1 - e 3 )ap D Ve 3 . 
Since [Fi, a], ap_o and poa are in L P '°°(A4, r), we finally get: 

[F,a]eLP>°°(Af), 

and (2) is proved. 

(3) Obvious. 

(4) We have a(F - F x ) = aV and hence aV(aV)* = aVV*a* = ap D a. It follows that: 

fi s (aV) = n s {{aV)(aV)*) 1/2 = f i s {{ap D ){ap D )*) 1/2 = fJ, s (ap D ), for any s > 0, 
and the result follows since we know that apo € L p, °° (M. , r) . □ 
We are now in position to define the index map 

Ind D>T : K*(A) — ► M, 
associated with any von Neumann spectral triple (.4, A4, D). 

The even case. Assume that the spectral (A,A4, D) is even and denote by 7 G A4 the grading involution 
on A4. For any self-adjoint idempotent e £ M„(.4), the operator: 

T = e o (F ® 1„) o e = e o (Fi ® 1„) o e 

anticommutes with 7 and satisfies: 

(14) T 2 - e = e o [F ® 1„, e] o (F ® 1„) o e = e o [F (8) 1„, e] o [F ® l n , e]. 

It follows that T 2 - e G J L p / 2 '°°(e(7W ® M n (C))e, f ® Tr) and hence T is a (f ® Tr)-Fredholm operator in the 
von Neumann algebra e(.M ® M„(C))e acting on e(H n ). 

Denote by lndu tT (e) the (f ® Tr)-index of the positive part of T acting from e(H r t) to e(7i™ ). 

If e, e' are two self-adjoint idempotents representing a class [e] — [e'] in Kq(A), then the number Ind£>. T (e) — 
Ind£>. T (e') only depends on the class of [e] — [e'] in the even K— theory group Kq(A) of the algebra A. The 
r-index map thus induces an additive map: 

Ind Ar : K (A) — ► R. 

The odd case. The construction of Ind£>. T for an odd von Neumann spectral triple (A,A4, D) is closely 
related to the Atiyah-Lusztig spectral flow in the context of von Neumann algebras . Assume for simplicity 
that A is unital and let P = (1 + F)/2 be the Szego projection associated with the symmetry F. Consider 
for any invertible matrix u G GLn(A), the Toeplitz operator: 

T := (P® ljv) ouo (P® 1 N ). 

Since we have: 

(15) (P<8S 1 N ) ou^ 1 o (P® Ijv) ouo (Pig, 1 N ) - (P® l w ) = 

(1/4)[F ® Iat, u" 1 ] o [F ® l^-.t*] o (P ® Ijv) G i p/2 '°°(Ai ® EndfC*)), 

and 

(16) (P® Ijv) ouo (P® Ijv) ou- 1 o (P® Ijv) - (P® Ijv) = 

(1/4)[F® l N ,u]o [F® l^u" 1 ] o(P®l w ), 
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we deduce that T is a (r (g) Tr)-Fredholm operator. Denote by Indzj.T^) the (r ® Tr)-index of T. By classical 
arguments, we again easily see that Indi) !r (u) only depends on the class of u in the odd K— theory group 
K\{A) of the algebra A. We get in this way an additive map: 

Ind AT : Ki{A) — > K. 

To sum up, any von Neumann spectral triple (A,M, D) gives arise to an index map: 

Ind D , r : K*(A) — ► M. 

This map will be described in Theorem 01 as a pairing with a (polynomial) cyclic cocycle on the algebra A. 

We shall use the cyclic cohomology of the algebra A and we proceed now to recall the main definitions 
for the convenience of the reader. Our main references are |17M15llSTll41| . 

Let A be a topological algebra. Denote for fc > by C k (A) the vector space of jointly continuous 
(fc + 1)— linear forms on A x A k+1 , where A is the (minimal) unitalization of A even if A is already unital. 
The elements of C k (A) are called (continuous) Hochschild cochains on A. The Hochschild coboundary 
b : C k (A) -> C k+1 (A) is the differential defined for any <p 6 C k {A) by: 

fc 

b(p(a , ai, ■ ■ ■ , afc+i) := ^(-1)-V(a , ffli, • • • , OjOj+i, dj+%, • • • , ak+i)+ 
i=i 

<^(a ai,a 2 , • • • ,Ofc+i) + (-l) fe+ V(afc+i5o, aij • • • ,a k ). 

We have b 2 = 0. The homology of the resulting complex (C*(A),b) is called the Hochschild cohomology 
of the algebra A and denoted HH*(.A). For instance, one can see that 0— dimensional Hochschild cocycles 
are exactly continuous traces on A. Cyclic cohomology is obtained by using a suitable subcomplex of 
the Hochschild complex. More precisely, we consider the subspace C k (A) of C k (A) built up from jointly 
continuous (fc + 1)— linear forms on A x A k+1 which are equivariant with respect to the action of the cyclic 
group generated by the permutation A(0, 1, • • • , k) = (k, 0, 1, • • • , k — 1). So a Hochschild cochain <p is a 
cyclic cochain if 

V (a k , a , • • • , a^ 1 ) = (-l)V(a , • ■ • , a k ), Va 3 £ A. 

The Hochschild differential b preserves the subspace C^(A) and we get a differential complex (Ct(A),b) 
called the cyclic complex of A. Its homology is called the cyclic cohomology of A and is denoted HC*(A) or 
equivalently H^(.4). 

The short exact sequence of complexes 

-► C* X (A) <-> C*(A) — > C*(A)/C* X (A) -» 

induces the famous (SB I)— long exact sequence ^2] 

^ HC fe (^) HH fc (^) HC fe - 1 (>t) HC fc+1 (^) ■ • • 

The operator / is induced by the inclusion and the operator B is defined for instance in |17j . We have 
B 2 = and bB + Bb = 0. Using the bicomplex (C k ' h (A), b, B) with C k ' h {A) := C k - h {A) for fc > h > 0, 
we actually recover the cyclic cohomology of A, see for instance The operator S : HC* — » HC* +2 is 

Connes' periodic operator, see the definition in l7J[P a g e ?]■ The homotopy invariants will rather live in 
periodic cyclic cohomology. This is defined as the strict indutive limit of cyclic cohomology with respect to 
the operator S and is denoted HP* (.A). Therefore, HP* (A) is a Z 2 — graded theory with many topological 
properties similar to those of A"— theory. 

The main property of cyclic cohomology which will be used in the sequel is its pairing with K— theory. 
So cyclic cocycles furnish group morphisms from K— theory to the scalars. More precisely, if ip is, say, a 
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(2k)— cyclic cocycle on A, then the following formula induces a pairing with the Kq— group of A, see [T7] : 

N 

<f,e>:= ^2 ( f( e ioii> e hi2>--- ,ei 2 feio)> eeM,v(y(),e 2 = e. 

In the same way, any odd cyclic cocycle induces a pairing with the K±— theory and a similar explicit formula 
holds in the odd case. 

Remark 2. The above definitions of the continuous cyclic cohomology can be generalized to algebras with 
topologies which are not necessarily topological algebras. Such algebras are then allowed to satisfy some 
weaker assumptions, see for instance 0J|S] or \'21 \. 

Let be a cyclic fc-cocycle on the algebra A. As in |17|. we shall denote for any N > 1, by 0jjTr the 
cyclic fc-cocycle on Mm (A) given by: 

(#T5r)(a° ®A ,--- ,a k ®A k ) ■= cj)(a , ■ ■ ■ , a k ) Tr(A° ■ ■ ■ A k ), 

for any (a , • • • , a k ) e A k+1 and any (A , ■ ■ ■ , A k ) e M N (C) k+1 . 

Theorem 4. Let (A, Ai,D) be a von Neumann-spectral triple of dimension p and let F be the symmetry 
associated with D as above. 

(1) If(A,M,D) is even with grading involution 7, the formula: 

<Ma°, a 2k ) = (-l) k r(lAF, a 1 }--- [F, a 2k }); 

defines, for any k > p/2, a 2k-cyclic cocycle on the algebra A and we have for any projection e in Mjq(A): 

Indr>, T (e) = (^ 2 )fett Tr)(e, • • • , e). 

(2) If (A,M,D) is odd, then for any k > p/2, we define a 2k + l-cyclic cocycle on the algebra A by 
setting: 

<W(aV-V fe+1 ) = (-l/2 2k +')r(a°[F,a']...[F,a 2k +% 
Assume that A is unital, then for any invertible u in M^(A), we have: 

Ind D , T (u) = (02fc+itlTr)(u _1 ,u, 

Proof. The proof follows the lines of |17|. 

(1) We first point out that fok is in evidence a cyclic cochain. Let (a , ■ • ■ ,a 2k+1 ) G A 2k+ ' 2 . Then we 
have: 

6(0 2fe )(a°, • • • , a 2k+1 ) = (-l)V( 7 [a°[F, a 1 ] • • • [F, a 2k ],a 2k+1 }) 

= (-l) fc r([a°[F, a 1 }--- [F, a 2 % 7 a 2fc+1 ]) = 0. 

Therefore the cochain 4>2k is a Hochschild cocycle on A. 

From Equation i|14fl . we deduce that the operator T — (e o [F ® idjv) is r-Fredholm in e(Ai ® 
.M/v(C))e with parametrix given by S = (e o (F ® idn) e)_. Moreover, e — ST as well as e — TS are in 
L k {e(M ® M N (C))e. t ® Tr). Therefore Proposition Ogives: 

Ind T ((eFe)+) = (TjjTr)( 7 o (e - (e o (F <g id N ) o e) 2 ) k ). 

Computing (e — (e o (F ® ig?at) o e) 2 ) fe and using the relation e o [F ®> ljv, e] o e = 0, we obtain: 

(e - (e o (F ® Wjv) o e) 2 ) fc = (-l) fe e o [F ® ljv, e] 2fc , 

and hence the conclusion. 

(2) That (j)2k+i is cyclic is again obvious. Let (a , • ■ • , a 2k+2 ) G .4 2,£+3 . Then we have: 

&(<W)(a°, • • • , « 2fc+2 ) = (-l/2 2fc+1 )r([ a °[F, a 1 ] • • • [F, a 2fc+1 ], a 2k+2 }) = 0. 
Hence 4>2k+i is a cylic cocycle on A. 
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To compute the r- index of PouoP : we again apply the Calderon formula. From the relations (|15|) and Qlfijl. 
we deduce that T := Pa u o P is r-Fredholm in P(.M ® M/v(C))P with parametrix given by S = P o o P. 
Moreover, P - ST and P — TS are in L k {P(M <8 End(C w ))P, r ® Tr). Therefore Proposition^! gives: 

Ind T (PouoP) = (rt)Tr)((P- (Pou" 1 oPouoP)) k ) - (r(JTr)((P- (P o u o P o u" 1 o P)) fe ). 

The computation of P — (P o o P o u o P) in l|15|l and gives: 

P - (P o u" 1 o P o u o P) = -[P, u" 1 ] o [P, it] o P and P - (P o u o P o u" 1 o P) = -[P, u] o [P, u^ 1 } o P. 

But, 

([F,^ 1 ] o [P,u] oP) k = ([P.m- 1 ] o [P,n]) fe oPand ([P,u] o [P,^ 1 ] oP) fe = ([P,u] o [P^^foP. 
On the other hand we have: 

[P, u- 1 } o [P, u] = -u- 1 o [P, u] o u- 1 o [P, u] and [P, u] o [P, u" 1 ] = -«o [P, u" 1 ] ono[P, u" 1 ], 
Therefore, 

([P, u- 1 ] o [P, = (-l)^ 1 o [P, u ]) 2fc = (-l)^" 1 o ([P, U ] o u- 1 ) 2 ^ 1 o [P, U ], 
and a similar result holds for ([P, u] o [P, u _1 ]) fc and we get: 

Ind r (Po woP) = (-l) fe (T)JTr)(Pou- 1 o ([P, u] o li" 1 ) 2 ^ 1 o [P, u] - P o ([P, u] o u" 1 ) 2 * 5 " 1 o [P,u] ou- 1 ). 
Hence we get using the trace property of r: 

Ind T (PouoP) = (-l) fc (rtJTr) ([P,u _1 ] o ([P,u] o^- 1 ) 2 ^ 1 o [P,u]) , 
and thus we finally obtain: 

Ind r (P o«oP) = (-l/2 2fe+1 )(T(|Tr) (it" 1 o [P <g> 1^, «] o ([P <g) ljy, o [P ® ljy, w]) fc ) , 
which completes the proof. □ 

Remark 3. One can define a cyclic cocycle of minimal order. In the even case for instance, there is a well 
defined cyclic p— cocycle that can be associated with the spectral triple in the following way: 

Ma°, • ■ ■ , aP ) := i^! T ( 7 P[P, a } ■ ■ ■ [P, a*]). 

This cocycle also represents the index map associated with the spectral triple. The proof is an easy extension 
of the one given in |17|. 

Remark 4. Assume that G is a compact Lie group which acts on the even spectral triple |3J- So G acts 
by unitaries in A4, this action preserves A and the operator D is G-invariant. We denote by U(g) the 
unitary corresponding to g G G. Then the equivariant index Ind T ((ePe)+) of (ePe)+ does make sense as an 
element of P(G) (8> R, where P(G) is the representation ring of G. We get using a similar proof the following 
equivariant polynomial index formula: 

V.g S G, Indf ((eFe)+)(g) = (cf> 2k $ Trace) (U(g) o e, e, e). 

See 0. A similar result holds in the odd case. 

So associated with any von Neumann spectral triple, there is an index problem which can be stated as 
follows: 

" Give a local formula for the traced index map 
K*(A) — ► R." 

Using Theorem we see that the index problem can be stated in the cyclic cohomology world: 

"Find a local cyclic cocycle ip on A such that: 

< ip,x >=< <j>,x >, Va; e K*(A)." 
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Here <fi is the cyclic cocycle defined in Theorem 0] 

This index problem reduces to the index problem solved by A. Connes and H. Moscovici in |19| if one 
takes the usual von Neumann algebra of operators in a Hilbert space with the usual trace. 
Examples. In the examples listed after Definition the index problem becomes: 

(1) In the first example of Riemannian geometry, we recover the classical index problem which was solved 
by Atiyah and Singer in E] • 

(2) In the case of measured foliations we recover the measured index problem which was solved by A. 
Connes in |13j . 

(3) In the case of Galois coverings, we recover the index problem which was solved by M.F Atiyah in [T]. 

(4) For almost periodic operators, we obtain the Shubin index problem that was solved in |39| . The index 
map yields here a morphism: 



where is the Bohr compactification of M™. 

Up to normalizing constants, the sequence 4> n of Theorem0]can be arranged to represent a periodic cyclic 
cocycle on A |17| . i.e. up to appropriate constants, we have: 



where S is Connes' periodic operator. The periodic cyclic class obtained is called the Chern-Connes character 
of the von Neumann spectral triple. In :6] we give a local formula for this Chern-Connes character using 
residues of zeta functions and following the method of 19 . This local formula unifies all the examples listed 
above and gives a complete solution to the von Neumann index problem. 

Remark 5. Any even von Neumann spectral triple gives rise for n large enough to a homomorphism from 
the Cuntz algebra qA of A to the algebra J = L 2u (M,t) 18 j. This shows that the Chern-Connes character 
of the von Neumann spectral triple can also be defined following the method of |18| . 



Let (M, F) be a smooth foliated manifold with (for simplicity) even dimensional spin leaves. Denote by 
G the holonomy groupoid of (M,F). Let S be the hermitian spin vector bundle and D the G— operator 
constructed out of the Dirac operator along the leaves following J2j • For all the background material about 
G— operators, we refer to the seminal paper [T^J. We fix a Lebesgue-class measure a on the leaf manifold T 
and the lifted Haar system v = (is x )x<em on G. We assume furthermore that there exists a positive holonomy 
invariant transverse measure A, then the data (A, a) enables to define a measure on the manifold M that we 
denote by A„ |13| . We will denote by W^(M, F; S) the von Neumann algebra associated with A and S 
This von Neumann algebra is then endowed with a trace ta which turns out to be faithful by construction. 
Recall that W^(M, F; S) is represented in the Hilbert space H = f® L 2 (G X , s*(S), v x )dk L ,(x) of A^-square 
integrable sections of the field of Hilbert spaces (H x = L 2 (G X , s*(5), v x )) X £M, where A^ is the positive 
measure on M constructed out of A and v as in JSj • 

Definition 8. Let (M, F, A) be a measured p— dimensional foliation on a compact manifold M. For any 
pseudodifferential G-operator P of order — p acting on sections of a vector bundle E over M, we define the 
foliated local residue res(P) G G°°'°(M, |A| X J^) as the longitudinal 1-density, given locally by: 



where <7- p P((u,t),t;) is the principal symbol of P. 

This local residue is well defined (see for instance [30], p. 17) and we have the following generalization of 
the well known result in the non foliated case and which shows the locality of the von Neumann Dixmier 
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S(4>n) = 4>n+2, 



3. Measured foliations 




VON NEUMANN DIXMIER TRACE 



23 



trace in the case of measured foliations. 



Theorem 5. Let (M,F,A) be a measured p- dimensional foliation on a compact manifold M . Let P be a 
pseudodifferential G— operator of order —p acting on sections of a vector bundle E over M, and denote by 
(T-p(P) its principal symbol. Then we have 

(i) P belongs to the Dixmier ideal L ,oa (W^(M, F; E),ta) associated with the von-Neumann algebra 
W^(M, F; E) and its trace t\; 

(ii) For any invariant mean u>, the Dixmier trace of P is given by 

t£(P) = - [ res L (P L )dA(L), 



P Jm/f 

where res^Pt) is the foliated local residue of Definition^ and t/} is the Dixmier trace associated with ta 
and u> as in Section^] 

Proof, (i) By ^[page 126], we have 

p= J2 P ' +R 

l<i<k 

where R is an infinitely smoothing G-operator and each Pi 6 ip~ p (M, F; E) is given by a continuous familly 
with compact support in ^~ p (Q,i, E) with fli a distinguished foliation chart trivializing E. Since R is trace- 
class with respect to r A , [T3j[Prop. 6.b, page 131] and L 1 (W^(M, F; E)) C L 1 >°°(W A '(M, F; E)) we may 
assume that P £ ijjc P (.^^) where f2 is a distinguished foliation chart trivializing E. We thus may work 
locally assuming that 

M = T P x D n - p 

is foliated by T p x {t}, for t £ D n ~ p and P = {Pt)teD™-p is a continuous familly of scalar pseudodifferential 
operators of order — p on T p (the proof for matrices is the same). Here T p is the standard p-torus and D n ~ p 
is the unit disk in R n ~ p . 

For any t G D n ~ p , let A t = A be the usual Laplacian on the flat torus T p . Since L 1,0 °(Wjl(M,F)) is 
an ideal in W^(M, F), we only have to show that the constant familly (1 + At)~ p ^ 2 defines an element in 
L l '°°(Wl(M,F)). Indeed we have 

Pt =Q t (l + A t )- p / 2 , (teD n - p ) 

where Qt — Pt(l + A t ) p ^ 2 is a continuous family of 0-order pseudodifferential operators on T p , and hence 
defines an element of W^{M, F) L°°(D n - p , A) ® B(L 2 T P ) by page 126, Proposition l.b]. 
Since we trivially have for any T 6 B(L 2 (T p j): 

Ma(u»-- ),( 1 ® t )=M?(T), 

we get: 

I Ml ((l®(l + A))^/ 2 )d s ^ T -1—-L— / ^ S (l + A)ds. 



Log(R)J " s " v " ' Log(R/A(D"-P)) J a 

The right hand side of this equality converges to MD " n x Area(T p ). Henceforth, 1 ® (1 + A)~ p ' 2 belongs 
to L 1 '°°{Wl{M 1 F)) and we get 

7^(1 ® (1 + A)- p ' 2 ) = ^ x Area(T p ). 

P 

(ii) We may work locally and assume again that M = T p x D n ~ p . For any smooth function a = a(u, £, t) £ 
S*T p x D n - p , set 
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where P is any classical tangential pseudodifferential operator of order —p with principal symbol equal to a. 
Since two classical pseudodifferential operators of order —p with the same principal symbol coincide modulo 
^-(p+i)(M,F) and since 

^-b+D(M,F) C L x (Wl{M, F)) C Ker(r^), 

we deduce that v{a) is well defined. It is clear that v is a positive linear form on C°°(S*T P x D n ~ p ) and is 
in fact a positive measure on T*(T p )i x D n ~ p . 

Let v = L_„ v t dp(t) be the disintegration of v with respect to the projection 7r : E>*(T P ) x D n ~ p — > D n ~ p 
:8- [page 58]. For any isometry g of T p , the measure v is invariant under the action of g on the fibers of 7r 
because is a trace. By uniqueness of the disintegration of v we get 

g{v t ) =v u p- a.e. in t, 

so that i>t is proportional to the volume form on S*T P for almost every t. We thus have 

t£{P)= I if <J- P (P)(u,U)dv(u,OMt)dp(t), 

where ft is a bounded p-measurable positive function on D n ~ p . Let us prove now that the measure hdp is 
proportional to dA. 

For any continous function / on D n ~ p , we know by (i) that the Dixmier trace of the continuous family 
P t = /(t)(l + A t )- p / 2 where A = A t is now the Laplacian on the standard sphere, is given by 

t£(P) = C x X A(/), 

the constant C\ being independent of /. 
On the other hand, we have 

t£(P) = G 2 x [ f(t)h(t)dp(t), 

JD n -f 

where the constant C2 does no more depend on /. We thus get the existence of a constant C > such that 

hdp = CdA. 

It follows that 

t£(P) =C [ ies L (P L )dA(L), 
Jm/f 

and the computation of (i) shows that C = 1/p. □ 

Proposition 6. Let 7 be the grading induced by the grading of the spin bundle S (diui(F) = 2r) and let Q 
be the symmetry constructed out of D like in Section\^so that Q 2 = 1 . For any f G C°°(A/) 7 denote by ir(f) 
the order differential G-operator defined by f , say multiplication by f o s on each L 2 (G X , v x , s*S). Then: 

(i) {C°°{M),W*{M, F;S), D) is an even von-Neumann spectral triple of finite dimension equal to the 
dimension of the leaves; 

(ii) Vfc > r, 

Mfo, A, hk) = (-l) fe (r A ^race)( 7 o vr(/ ) o [Q,*(f x )] o ... o [GMfa)]) 

defines a cyclic cocycle on the algebra C°°{M); 

(Hi) Let e £ Mn(C°°{M)) be the projection corresponding to a stabilization of the complex vector bundle 
E. Then we have for any k > r: 

Ind A ([£> B ] + ) = 4> k (e, ■■■ , e). 

Proof. We only have to prove (i), the rest of the proposition being a rephrasing of Theorem^Jin the present 
situation. We first point out that D is affiliated with W*(M,F;S) and that V/ £ C°°(M),[D, f] is in 
W*(M, F;S) because it is affiliated and bounded. On the other hand the principal symbol of \D\ commutes 
with those of all order pseudodifferential G-operators, so that (ii) and (iii) in Definition are satisfied. 
Let now Q G ip^ 1 (M, F; S) be a parametrix for the elliptic G-operator D so that 

I - QD = R and 1 - DQ = R' 



VON NEUMANN DIXMIER TRACE 



25 



are regularizing operators, say live in C^°'°(G, End(«S)). The existence of Q is proved in \\?>\ . Then we have 

{D + i)- 1 = Q + (D + i)- 1 R' 

so that (D + i)^ 1 and Q are in the same Dixmier ideal. But Q G L 2r ' 00 (W*(M, F; S), t\) and the conclusion 
follows. □ 

For any smooth complex vector bundle E over M, the twisted Dirac operator De (lifted again to become 
a G-operator) is a well defined elliptic differential G-operator. The von Neumann index problem then asks 
for a computation of the measured analytic map K° (M) — » R given by: 

[E] - Ind A {[D E ]+), 

as a pairing of E with a cyclic cocycle on G°° (M) . Whence we joint the usual measured index problem, at 
least for spin foliations. 



4. The local positive Hochschild class 

In this final section, we shall prove a local formula for the image of the Chern-Connes character of a von 
Neumann spectral triple in Hochschild cohomology. More precisely, we shall give a local representative of 
this class in terms of the Dixmier trace associated with some state u). The formula that we obtain shows 
at the same time the positivity of the Hochschild cocycle El • Our results follow from the classical case 
treated by A. Connes in the unpublished paper ^H] modulo the results of the previous sections. A proof of 
these technical results in the type I case also appeared in the meantime in |42| . 

For the sake of simplicity, we shall restrict ourselves to the even case. The main problem is the following. 
The Chern-Connes character Ch(.A, Ai,D) of an even p-dimensional von Neumann spectral triple (A, Ai, D) 
can be described in the (b, B)— bicomplex by a family (</?2fc)fc>o such that bif2k + Btf2k+2 — 0. Then the 
pairing < Ch(A, Ai, D), [e] > with projections is given up to normalization by the formula |15| [page 271] 

< [if], [e] >= ]T(-l)*M^ 2fe (e - I, e , ■ • ■ , e). 

fe>0 

A solution to the index problem is a precise periodic cyclic cocycle tp where each ipih is given by a formula 
which is local in the sense of Connes-Moscovici, i.e. only involving suitable residues of operator zeta functions. 
This problem is dealt with in the forthcoming paper jS], and we concentrate here on a local formula for the 
Hochschild class of Ch(A,M,D). 

Since the normalized pairing between cyclic cohomology and K— theory is invariant under the operator 
S, it is natural to determine the dimension of the Chern character, i.e. the greatest n > 1 such that the 
analytic Chern-Connes character defined in the previous section is not in the range of the S— operation. 
Since we have Im(S') = Ker(I), where / : HC*(.A) — > HH*(.A) is the natural forget map, it is important to 
have a computable local formula for the image ICh(_4, Ai, D) of the Chern-Connes character in Hochschild 
cohomology. This would enable to prove or disprove that Ch(_4, Ai, D) is or is not in the image of S. The 
local formula we get here is 

(17) < lCh(A,M,D),a° <8> • • ■ <g> a p >= La [D, a 1 } ■ ■ ■ [D, a p ], 

where u> is any state satisfying the assumptions (1) and (2) fixed in the first section. The RHS of this formula 
is local since it involves a Dixmier trace, and it is therefore more computable than the LHS. 

We assume from now on, and in order to avoid unnecessary complications arising from the use of the 
Green operators, that Ker(D) = {0}, but all the results remain true in the general case with the easy 
suitable modifications. Moreover, the local formula is stable under bounded perturbations of D. Recall that 
the analytic Chern-Connes character is a cyclic cohomology class 4> over A which can be represented in the 
lowest dimension p by the cyclic cocycle: 

<Ka ,-,O :=r s ( 7 a [F,a 1 ]...[F,af]) ) 
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where t s is the regularization (enables to win one degree of summability) defined by 

r» :=±T(7F[F,a]), 

and 7 is the grading involution. The proof given in |17| extends easily to our setting and is omitted. 

We fix from now on a state ui on C(,(M) which vanishes on Co(M) and satisfies the assumptions fixed in 
the first section. For simplicity we shall denote again for any g 6 C(,(R) by lim t ^ w g(t) the number to(g) 
obtained out of g as a function of t and defined in Equation Hence, in particular, this functional is 
invariant under dilations. We shall denote by r w the Dixmier trace associated with the trace r and the state 
ui, see Section ^ for more precise definitions. 

Theorem 6. The pairing of ICh(.M,D) with Hochschild homology coincides with the pairing of a local 
Hochschild cocycle (f) given by the formula: 



< (f>,J2at ) ®a\...®ai > >-=J2 /t^IA <]■ 



To be rigorous, this equality holds only up to constant since it depends on the normalizations of the 
Chern-Connes character and of the pairing (for a coherent choice of the normalizations, see |T£]). The proof 
of Theorem El is based on some technical Lemmas that we state first. 

Lemma 5. |16| Let u — ^2 ieI a l <g) ... ® a p be a Hochschild cycle. Let f be a compactly supported smooth 
even function such that /(0) = 1. Then 



< 



lCh(A,M,D),u >= - lim 5>.([/(tD), a j]aj[F, a\]...[F, a^F). 



Proof. Forget i but keep it in mind! Set A = ao[F, ai]...[F, a p \. The function ft{x) — f(tx) converges simply 
to 1 when t goes to 0, and by the Lebesgue theorem, we deduce that f(tD) converges weakly to the identity 
operator. Since r is a normal trace and jF[F,A] is trace-class, we have: 

< lCh(A,M,D),u >= t("/F[F,A}) = lim T (f(tD)jF[F, A]). 

But, f(tD)F = Ff(tD) and since / is an even function, we also have f(tD)^f = jf(tD). Hence we deduce: 

< lCh{A,M,D),uj >= lim T s (f(tD) A). 

Now the operator f(tD) belongs to L 1 (A4, r) for any t > and the operator a p commutes with the grading 
involution 7, thus: 

T s {f{tD)A) - T s {a p f{tD)a [F, m]...[F, Op-i]F) - T s {f{tD)a [F, oi]...[F, a p _i]a p F). 

Set 5 — [F, ■} for the derivation induced by F on A and let us apply the operator id Cg) 6 ® ... ® 5 to the 
equality b(J2i a o ® °i ® •■■ ® a P ) = 0- We get: 

<[F, a\]...[F, = J2 «>o[^ a l]-[F, 4-ll 

i i 

which finishes the proof. □ 

Lemma 6. Let f be an even function in C^°(K) which equals 1 in a neighborhood of 0. Then VT £ M, Va G 
A we have: 



lim r([f(tPD),a]T\D\-P +1 ) = -p l[\D\,a]T. 



Proof. Since / is even, this lemma only involves \D\ and we can assume D > 0. Let us first formally replace 
[f(tD), a] by f'(tD)[tD, a}. We obtain: 

lim T{[f(tD),a]TD- p+1 ) = lim T(tD~ p+1 f (tD)[D, a]T) 
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But setting fi(x) = x p+1 f'(x) if x > and extending f\ to an even function, we obtain a well defined 
function /i satisfying the assumptions of Lemma |3J So: 

lim T([f(tD),a]TD-P +1 ) = lim t^T(g(t\D\)[\D\,a}T). 

and the proof is complete. It remains thus to show that: 

A(t) = [f(tD),a]-f(tD)[tD,a] 
belongs to L p '°°(A4,t) and that HA^Hp.oo is an 0(t). We now use the Fourier transform: 

[f(tD),a] = Jj(u)le mtD : a]du. 
But recall that [e lsD ,a\ = e lsvD is[D,a\e ls ^-^ D dv, and so: 

f(tD)[W, a] = [ iuf{u)e lutD [tD,a}du. 
Jr 

Thus 

A(t)= [ /(«) / e mtsD [iutD,a}e mtil ~ s)D - e lutD [intD , a])dsdu 

f(u) I e lutsD [[iuW,a],e lut{1 - s)D ]dsdu 



= t 2 [ u 2 f{u) f / 1 (l- S )e lu *( s+ ( 1 -^^ I? [ J D,[I?, a ]] e ' iu *( 1 -^( 1 "'-^d S drdu. 
Jr Jo Jo 

Note that [D, [D,a\] is bounded since we could assumed D = \D\ in this proof. Thus ||A(i)||jvi = 0(t 2 ). 
On the other hand, we have: 



r+oo r+oc 

\r(A(t)TD-^)\ < \\T\\ J Hs(A(t))» s (D-P +1 )ds < C\\T\\ J f* s (A(t)) — 



' x 1 v ds 

'(l +s)(P-!)/P : 

where C is some constant. Let us see that there exists a constant K > such that 

A*.(A(t)) = 0, Vs > 

To this end, let A > be such that Supp(/) C [—A, A] and denote by E t the spectral projection of D^ 1 
corresponding to the interval [t/A, +oo). We have 

r(E t )^\{s>0^ s (D- 1 )>t/A}\. 

Since there exists a constant B > such that fj, s (D~ 1 ) < B/s 1 ^, we get 

T(E t ) < \{s>0 1 s 1 /p < AB/t}\, 

and hence r{E t ) = O^-Vp). 
But, 

l*.(A(t)) < Hs/2(f(tD)a - f(tD)[tD, a}) + n, /3 (af(fD)) 

= (Et (f(tD)a - f'(tD) [tD,a])) + fi s/2 (af(tD)E t ) 

< \\f(tD)a-f'(tD)[tD,a}y s/2 (E t ) + \\af(tD)\\ f i s/2 (E t ). 

The first and the last inequalities follow from |26| [Lemma 2.5, (v) and (vi), page 276]. Since r(E t ) = 0(t~ 1 ' p ), 
there exists a constant K > such that 

H./2(Et) = for s > K/t p , 

and hence 

Hs(A(t)) =0 for s > K/t p . 
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It follows that 

r K/tP 

\T(A(t)TD-^)\<C\\nt>j Q (1 + a)(p _ 1)/p , 
and hence T(A(t)TD- p+1 ) -> when t -> 0. □ 
Proposition 7. TTie pairing ICh(A., M,, D) with Hochschild homology is given by 

< ICh(A .M, D), a o ® o* • • • ® 4 >= ~pJ2 hi\ D l a iH[F: 4}-[ F , t^-i]- " -1 - 

Proof. Let / be an even function in (R) which equals 1 in a neighborhood of as above. Then Proposition 
[5] shows that 

< ICh{A,M, D),J2 4 ® oi • • • ® 4 >= - 1] gjT,([/(tD), a*K[F, al]...[F, a^JF). 

Lemma IH1 then gives with the bounded operator T — do[F, ax]...[F, a p _i]F^/\D\ p ~ 1 : 

- hmr s ([f(W),aiK[F,ai} ■ ■ ■ [F,4_ X ]F) = -limr([f(tD),a P }ai[F,a\} ■ ■ ■ [F,al_ 1 ]F 1 \D\ p - 1 \D\- p+1 ) 

= p f[\D\, a;K[F, oj] ■ • • [F, a^F^Dr 1 = -p f[\D\, a p ] a* [F, a*] • • ■ [F, ^-ib^ 1 

= -p jf 7 [|F|, a*]4[F, 4] • • • [F, o*_ 1 ]D*'- 1 . 
This completes the proof. □ 

Let 5 be the derivation on the algebra A generated by A and [|F|,.4] given by S(X) — [\D\,X]. Recall 
that for any Hochschild cocycle p on B, one defines a new Hochschild cocycle by setting |32j : 

< 5 3 {p), (X ,X U ■■■ ,X P )>= p(X Q dX 1 ■ ■ ■ dX j - 1 8(X j )dX j+1 ■ ■ ■ dX p ), 

where p is the corresponding non commutative current |17) . Moreover, it is well known and easy to check 
that Sj(p) + 5j+i(p) is a Hochschild coboundary. Therefore, the derivation <5 induces, by considering the 
class of (—iy6j(p) for any j 6 {1, • • ■ ,p}, a map between Hochschild cohomology: 

is : HH*(„4) — » HH* +1 (i). 

Moreover, this map satisfies the relation i\ = in Hochschild cohomology. 

Proposition 8. 

(1) Recall that p is even. We define Hochschild cocycles on A by setting 

$(a°, • • • , a") = T u fra°[D, a 1 } ■ ■ ■ [D, aP\D-*),*(a°, ■ ■ ■ , a p ) = pU 7 a [F, a 1 ] • • • [F, a"" 1 ]^!, a^F" 1 ) 

and ^ fc (a°, • • • , a^ 1 ) = ^{^[F, a 1 } ■ ■ ■ [F,a k ]D p - k ), k = • • -p. 

Moreover, ip p = 0. 

(2) TTie Hochschild cocycles $ and ^ are cohomologous in Hochschild cohomology. 
Proof. 

(1) We have by straightforward computation: 

M>(a°, • • • , a p+1 ) = (-If [r u (ja°[D, a 1 } ■ ■ ■ [D, a p ][a p+1 , D~ p ])] . 

But [a p+1 , D~ p ] belongs to the ideal L 1 (A^, r), since we have: 

[a p+1 , l^r 1 ] = -\D\- 1 [a p+1 , \D\]\D\-\ 

and [a p+1 ,D-P] =J2j \D\~ j [a p+1 , \D\~ 1 ]\D\~( p ~ j ~ 1 '> . 
In the same way, we have: 

6*( a °, • • • , a p+1 ) = -p(-l) p rUia°[F, a 1 ] • • • [F, a p_1 ][|D|, a p ][a p+l ,D~ 1 ]). 
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But again, [a*> +1 , D" 1 ] belongs to L p (M,t) and thus the operator 7a [F, a 1 } ■ ■ ■ [F, a p ~ 1 ][\D\, a p ][a p+1 , D^ 1 ] 
is trace class. Therefore b^f — 0. Thus, b& = 0. The proof for the cochains ipk is similar. Now we 
obviously have: 

t w ( 7 o°[F, a 1 } ■ ■ ■ [F, a p }) = r w ( 7 F[F, a°][F, a 1 } ■ ■ ■ [F, a p }) = 0. 
(2) We first point out that 

[\D\-\[D,a]] = -\D\-'[\D\,[D,a}}\D\-\ 
Therefore, in the expression of $(a°, • • ■ , a p ) we can move \D\^ 1 to the left and in particular: 

(18) *(a°, • • • , a p ) = r u (~/a°[D, a 1 ]^" 1 •••[£>, a?]^- 1 ). 
On the other hand, 

[D,a]\D\- 1 = [F,a] +F[| J D|,a]|£>|- 1 - [F,a] + [\D\,a]D~ l + [F, [|D|,a]]|D| -1 . 

Now, since F = D|£)| -1 , we deduce 

[F,[\D\,a]} = [D,[\D\,a\}\D\-i-F[\D\,[\D\,a\}\D\-\ 

Therefore and since [£), [|D|,a]] = [\D\, [D, a]] is bounded, the operator [F, [\D\,a\] belongs to 
LP>°°(M,t). Therefore, 

[Aa]^- 1 - ([F,a] + [\D\,a]D- 1 ) E L p (M,t). 

Hence we can replace [D, a]|Z?| _1 by [F,a] + [\D\, a]D _1 when necessary in the expression of <fr in 
Equation (JTHJ - On the other hand, we have: 

<^)(a°, ■ ■ ■ , O = r w ( 7 a°[F, a 1 ] • • • [F, a'" 1 ]^, a'][F, a^ 1 ] • • • [F, a^ 1 ). 

Thus and since (—iy 5j(ip) is cohomologous to <5 p (y) = we deduce that: 

p 

$(o°, • • • ,a p ) = ^T w ( 7 a [F,a 1 ] • • • [F, a J_1 ] [|D|, a^jD -1 ^, a 3+1 ] • • • [F, a p ]) + R p (a°, ■ ■ ■ ,aP), 
i=i 

where R p (a°, • • • , a p ) corresponds to the terms where the factor a]Z? _1 appears at least twice. 
The first remark is that 

(19) D-^Fal + lFalD- 1 = \D\~ 1 S 2 (a)\D\~ 2 - D~ 1 8([D, a])\D\~ 2 . 
Therefore, we have: 

T^a^F.a 1 ] ■ ■ ■ [F,a*- 1 ][\D\,at]D- 1 [F,ai +1 ] ■ ■ ■ [Fa p ]) = 

(-l) j T u ( ia °[F, a 1 ] • • • [F, a'- 1 } [\D\,a*] [F, a J+1 ] • • • [F, a^D' 1 ). 

This latter is nothing but a representative for is(ip)(a°, ■ ■ ■ ,a p ) for any j. Therefore: 

$(a ,--- ,a p ) = P TUja [F,a 1 }---[F,a p - 1 }[\D\,a p }D- 1 ) + R p {a ,--- ,a p ) + ba{a° ,• • • ,a p ), 

for some cochain a. To finish the proof, we thus need to show that R p is a coboundary. But this is a 
consequence of the fact that i 2 — in Hochschild cohomology. More precisely, consider for instance 
the Hochschild cocycle 

i P2 (a t) , ■ ■ ■ ,a p - 2 ) = r^iFa 1 } ■ ■ ■ [F, a p ~ 2 ]D~ 2 ). 

Then i 2 <p can be represented for 1 < j < k < p by the Hochschild cocycle 

(a ,-- - ,0*).— 

(-lfr w ( 7 a [F, a 1 ] ■ • ■ [F,a?- 1 ][\D\,a1][F,a* +1 ] ■ ■ ■ [F,a k ~ 1 }[\D\,a k ][F : a k+1 ] ■ ■ ■ [F, a p ]D~ 2 ). 
But again, this is precisely, 
T^a°[F, a 1 ]--- [F, a^ 1 ] [\D\, a^D' 1 [F, a> +1 ] ■ ■ ■ [F, a^ 1 ] [\D\, a^D^F, a k+1 ] ■■■[F, a p ]), 
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and hence corresponds to the (j, k)— term in the expression of R p . Thus all the terms where 
[|Z3|,a]D _1 appears twice are coboundaries. The same argument using the Hochschild cocycles 
(v/c)fe>3 shows that all the other terms in R p are coboundaries. The proof is thus complete. 

□ 

Proof of Theorem^ 

By using Proposition [7| and Proposition [5J it is sufficient to show that 

r4 7 a [F, a 1 } ■ ■ ■ [F, cP-^D], a^D' 1 ) = -T u (ry[\D\, o>°[F> a 1 }--- [F, a^D' 1 ). 

But 

7 p>|,a*] + [|I>|,aPb = 0, 

and hence 

T u fr[\D\,a*]a°[F, a 1 }--- [F, a*" 1 ]!)- 1 ) = -t u ([\D\, a^} 7 a°[F, a 1 } ■ ■ ■ [F, aP^D- 1 ). 
Therefore and using the trace property of t u , we get: 

rUl[\D\,aP}a°[F, a 1 } ■ ■ ■ [F, a^ 1 ]^ 1 ) = -r w ( 7 a°[F, a 1 ] • • • [F, a^D^n^}). 
Again we can use Equation l|19|) to move D~ x to the right and this completes the proof. 

Remark 6. The equivariant case with respect to an action of a compact Lie group can be handled in the 
same way using for instance the definitions of [3J . The local formula obtained for the equivariant Hochschild 
chern character is then interesting in view of fixed point theorems because it gives in the usual situations such 
as compact manifolds and compact foliated manifolds a measure on the cosphere or longitudinal cosphere 
bundle which is supported by the fixed points. 

Remark 7. In many interesting situations (e.g.: measured foliations, coverings, almost periodic operators), 
the local expression of the Hochschild class of the Chern-Connes character obtained in Theorem [|J] actually 
defines a cyclic cocycle on A. 

If we define the von Neumann Yang-Mills action YM T (V) associated with any compatible connection 
V on a finitely generated projective module fl over the *-algebra A, then we can state following Connes' 
method (See JH], Theorem 4, page 561): 

Proposition 9. Let (A,M,D) be a four dimensional spectral triple. Set 

^(o°,o 1 ,o 2 ,o s ,o 4 ) = 2T ul ( 1 a"[D,a 1 }[D,a 2 }[D,a 3 }[D,a 4 }D- 4 ) 

and assume that is cyclic. Then for any hermitian finitely generated projective module il over A with a 
compatible connection V, we have 

< M,4>Z > I < YM r (V). 

The consequences of this proposition in the examples listed before will be treated in a forthcoming paper. 
We point out that the case of almost periodic operators is especially interesting for applications to quasiperi- 
odic fillings. In the example of measured foliated manifolds, the representative of the Hochschild class of 
the Chern-Connes character given above, is a cyclic cocycle over C°°(M). The computations in |H] give the 
following expected result: 

Theorem 7. The current C in M which represents the Hochschild class of the Chern-Connes character 
of the Dirac operator along the leaves via the Connes-Hochschild-Kostant-Rosenberg isomorphism is, up to 
constant, the Ruelle- Sullivan current associated with the holonomy invariant transverse measure A. 

To end this section, let us state the positivity result obtained in the case of foliations by four dimensional 
spin manifolds. Let D be the Dirac operator along the leaves and let 7 be the Z2-grading. The following 
proposition is a corollary of Proposition and can be understood as furnishing a new inequality on the 
manifold M for any given measured foliation. 
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Proposition 10. For any hermitian vector bundle E over M and any hermitian connection V on E, we 
have 

| < Cl (E) 2 /2 - c 2 (E), [C A ] > | < YM A (V) 
where C\(E) and C2{E) are the Chern classes of E. 

Proof. If we compute the Chern character of E and integrate it against the Ruelle- Sullivan current then we 
obtain the pairing of our Hochschild cocycle (which is cyclic here) with the X-theory of M by Theorem [7] 
Now Proposition El enables to conclude. □ 

Appendix A. Singular numbers 

We gather in this appendix some general facts about Dixmier traces associated with type II von Neumann 
algebras. We shall denote by M. a von Neumann algebra acting on a Hilbert space H, and we shall assume 
that there exists a positive normal semi-finite faithful trace r on AL 

A.l. r- measurable operators. A densely defined closed operator T acting on H is said to be r-measurable 
if it is affiliated with M. and if there exists, for each e > 0, a projection E in A4 such that E(H) C Dom(T) 
and t(1 — E) < e. Let T = U\T\ be the polar decomposition of the densely defined closed operator T, and 
denote by 

\T\= / \dE\ 
Jo 

the spectral decomposition of its module. Then, the operator T is r-measurable if and only if both U and 
the E' x s (A S R+) belong to M, and r(l — E\) < +oo for A large enough. Let us also recall that the set of 
all r-measurable operators is a *-algebra with respect to the strong sum, the strong product, and the adjoint 
of (densely defined) closed operators (cf. \V2\). 

A. 2. r-singular numbers. For any t > 0, the t th singular number (s- number) /it(T) of a r-measurable 
operator T is defined by : 

m(T) = lnf{\\TE\\,E= E 2 = E* e M and t(1-E) < t}. 

Thanks to the r-measurability of T, we have : 

< ih{T) = Ht(\T\) < +^ 

for any t > 0. There are several equivalent definitions of the singular numbers. For instance, we have (cf 

my- 

lx t (T)=ln{{X>0,r(l-E x )<t}, 

where |T| = J + °° \dE\ still denotes the spectral decomposition of |T|, a fact which shows that the function 
t — > /it(T) is nothing but the non- increasing rearrangement of |T| as a positive measurable function on the 
measure space (sp(\T\) \ {0},m). Here, sp(\T\) denotes the spectrum of \T\ and m the spectral measure 
defined by 

m(B) = t(1 b (\T\)), (B Borel subset of sp(\T\) \ {0}). 
Note also that we have for any t > 0: 

^t(T) = dist(T,TZ t ), 

where IZt is the set of all r-measurable operators 5* such that T(supp(\S\)) < t. This equality shows that the 
s-numbers may be viewed as a natural extension of the classical approximation numbers. 

For a detailed study of the generalized s-numbers, we refer to |2fi| . where several spectral inequalities are 
proved. Let us just mention here the most useful of them, for the convenience of the reader: 

Lemma 7. (i) For any T-measurable operator T, the function t — > /it(T) is non increasing and right 
continuous. Moreover, /J-t{T) — > ||T|| when t — > 0; 

(ii) For any T-measurable operator T , any complex number A, and any t > 0, we have: 

IH(T) = M\T\) = Mt(T*) and /it (AT) - \X\m(T) 
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(Hi) For any T-measurable operator T and non decreasing right- continuous function f on [0, +00) such 
that /(0) > 0, we have: 

^(f(\T\)) = f(n t (T)), Vt>0; 

(iv) For any pair of T-measurable operators T, S and for any t,s>0, we have: 

Ht+s{T + S) < /if (T) + Hs(S) and (j, t+s (TS) < [i t (T)fi a (S) ; 

(v) For any T-measurable operator T , any pair of operators A, B G M. and any t > 0, we have : 

fit(ATB) < \\A\\^(T)\\B\\; 

(vi) For any pair of T-measurable operators T,S satifying T < S, we have: 

Vt>0,iM(T)<Ht(S). 



A. 3. Non commutative integration theory. Let T be a r-measurable operator. For any continuous 
increasing function / on [0, +00) with /(0) = 0, we have: 

/>oo 

r(f(\T\)) = / f(Ht(T))dt. 
Jo 

26 [Corollary 2.8, page 278]. This basic relation explains why the s-numbers are of interest in the study of 
non commutative Banach spaces of functions such as L p (M,t), p > 1. In particular, we have 

T G L p (M,t) nt(T)] G L p ([0,oo)) 

and 

poo 

\\T\\ P - ( / IH{Ty>dtfl*. 
Jo 

Most of the known s-numbers inequalities are based on the properties of the following function 

a t {T) = f Hs(T)ds, s > 0. 
Jo 

The following lemma gives three equivalent expressions of a t (T). 
Lemma 8. Let T be a T-measurable operator. For any t > we have 

a t {T) = inf{\\T 1 \\ 1 +t\\T 2 \\ QO ,T = T 1 +T 2 ,T 1 ^L 1 {M,T),T 2 ^M}-, 
and if Ai has no minimal projections, then we have: 

a t (T) = sup{t(E\T\E),E g M,E 2 = E* = E, t(E) < t}. 
Proof. The first interpolation formula is proved in 120], page 289 and the third equality also goes back to 

Hg. □ 

Proposition 11. 

IfTi,T 2 are two positive T-measurable operators then for (ti,t 2 ) G we have 

0ti +cr t2 (T 2 ) < a tl+t2 (Ti + T 2 ) and a t (Ti +T 2 ) < a t (Ti) +a t (T 2 ). 

Proof. By imbeding M in M = M ® L°° ( [0, 1] , dt) and using the simple fact that ^ (T) = n{*(T® id) we 
can assume that M. has no minimal projections. If E\,E 2 are two projections in M. such that t(E\) = t\ 
and t(E 2 ) = t 2 then the projection E = E\ V E 2 belongs to AA and satisfies t(E) < t\ + t 2 . We thus have 

r((Ti + T 2 )E) = t{T\E) + t(T 2 E) > t{TxE x ) + t(T 2 E 2 ), 

thus lemma |S] gives the first inequality. 

The second one follows similarily from lemma (hi) , see for instance [26 [Theorem 4.4 (ii)]. □ 
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